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Abstract: We examine anomalous dimensions of higher spin currents in the critical O(N)
scalar model and the Gross-Neveu model in arbitrary d dimensions. These two models
are proposed to be dual to the type A and type B Vasiliev theories, respectively. We
reproduce the known results on the anomalous dimensions to the leading order in 1=N
by using conformal perturbation theory. This work can be regarded as an extension of
previous work on the critical O(N) scalars in 3 dimensions, where it was shown that the
bulk computation for the masses of higher spin elds on AdS4 can be mapped to the
boundary one in conformal perturbation theory. The anomalous dimensions of the both
theories agree with each other up to an overall factor depending only on d, and we discuss
the coincidence for d = 3 by utilizing N = 2 supersymmetry.
Keywords: AdS-CFT Correspondence, Conformal Field Theory, Higher Spin Symmetry
ArXiv ePrint: 1610.05878
Open Access, c The Authors.




















3 O(N) scalar model 6
3.1 Anomalous dimensions of higher spin currents 7







3.3 Integral I2 11
4 Gross-Neveu model 14
4.1 Anomalous dimensions of higher spin currents 14







4.3 Integral I2 20
5 Generalizations 23
5.1 Non-singlet currents 23
5.2 U( ~N) scalar model 24
5.3 N = 2 supersymmetric model in 3 dimensions 25
6 Conclusion and discussions 25
A Alternative method for Bk;l 27
B Technical details for the theory of fermions 28
B.1 Two point function 28
B.2 Three point function 29




Higher spin gauge theory is expected to describe superstring theory by breaking its symme-
try [1], and it is important to understand the mechanism of symmetry breaking in higher
spin gauge theory. In AdS space higher spin gauge theory with consistent interaction has
been constructed in [2{4], and the theory can be examined from dual CFT by making use

















in the 3d critical O(N) scalar model were reproduced to the leading order in 1=N using
conformal perturbation theory. The 3d O(N) scalar model was proposed to be dual to
so-called type A Vasiliev theory on AdS4 [6], and the mass Ms of spin s eld on AdS4 can
be read o from the scaling dimension s of dual current as
M2s = s(s   d)  (d+ s  2)(s  2) (1.1)
with d = 3. The computation in conformal perturbation theory can explain some of bulk
interpretations on the symmetry breaking.
The Vasiliev theory dual to the 3d O(N) scalars has been examined since it is the
most fundamental example, but more extended versions should be used in order to see the
relation to superstring theory. For examples, it was conjectured in [7] that a 4d extended
Vasiliev theory is related to superstring theory on AdS4CP3 via ABJ(M) theory [8, 9].
Moreover, it was also discussed that 3d extended Vasiliev theories are related to superstring
theories on AdS3 via N = 4 supersymmetric 2d models [10, 11] and via N = 3 supersym-
metric 2d models [12, 13]. For the relation to AdS3 strings, the symmetry breaking has
been examined in [13{15]. See also [16, 17] for related works.
In this paper, we rst extend the analysis in [5] to the critical O(N) scalar model
in arbitrary d dimensions, which is supposed to be dual to the type A Vasiliev theory on
AdSd+1 [6]. We then apply the methods to the Gross-Neveu model [18, 19] in d dimensions,
where the model is given by a theory of fermions with four fermi interactions. The model
is proposed to be dual to the type B Vasiliev theory in [20, 21], but the equations of motion
are known only for d = 3. In order to apply our analysis to the conjectured triality of [7],
we need to introduce supersymmetry and the coupling to Chern-Simons gauge elds in the
CFTs as discussed in [22{24]. One of the main motivations to examine the Gross-Neveu
model is for the preparation of the application.
The system of free O(N) real scalars i (i = 1; 2;    ; N) has a relevant deformation






where O(x) is a scalar operator with the scaling dimension . In the current case, we
set Od 2 = ii. The critical O(N) scalar model with d < 4 can be realized as a CFT at
an IR xed point of the RG ow induced by the deformation, and we study the critical
model by treating the deformation perturbatively. The Gross-Neveu model with 2 < d < 4
can be also realized in a similar manner. The system of free U( ~N) free Dirac fermions  i
(i = 1; 2;    ; ~N) has an irrelevant deformation of the form (1.2) with Od 1 =  i i. The
Gross-Neveu model can be realized as a CFT at a UV xed point, and we study the model
in conformal perturbation theory.
The Vasiliev theory includes scalar eld along with higher spin gauge elds, and bound-
ary condition for the scalar eld should be specied. The free O(N) scalar theory is dual
to the type A Vasiliev theory with Neumann boundary condition for the bulk scalar. Since
the double-trace type deformation is known to be dual to the change of boundary condi-

















assigned to the scalar eld. Similarly, the free fermion theory and the Gross-Neveu model
are dual to the type B Vasiliev theories with Dirichlet and Neumann boundary condi-
tions, respectively. The higher spin symmetry is broken in the critical models to the 1=N
order due to the deformation. This implies that the bulk higher spin gauge symmetry
should be broken in a one-loop eect and due to the change of boundary condition for a
scalar eld [26]. In [5], additional supports were provided by mapping the computation
of anomalous dimensions in the 3d O(N) scalar model in conformal perturbation theory
to the evaluation of bulk Witten diagram corresponding to the one-loop eect generating
the masses of dual higher spin elds on AdS4.
1 We do not repeat in this paper but it is
a straightforward task to generalize the map to our cases. Thus the same conclusion can
be applied to the Vasiliev theories on AdSd+1 dual to the critical O(N) scalars and the
Gross-Neveu model in d dimensions.
This paper is organized as follows; in the next section, we explain the general methods
as developed in [5] but with a dierence on the regularization scheme. In this paper,
we adopt the one developed in [29{33], which seem to be a common way to regularize
Feynman integrals in 1=N -expansions and in general dimensions. In section 3, we apply
the methods to the O(N) scalar model in d dimensions, and we reproduce the known results
on anomalous dimensions of higher spin currents (3.10) obtained in [34] (see also [35, 36] for
recent developments). In section 4, we examine on the Gross-Neveu model in d dimensions.
With a slight modication of the method, we derive the anomalous dimensions of higher
spin currents, which agree with the results in [37]. They are the same as those of scalar case
up to a factor depending only on d, see (4.17). In section 5, we study simple generalizations
of our results. In particular, we examine the coincidence of anomalous dimensions in
theories of bosons and fermions for d = 3 by making use of N = 2 supersymmetry. In
section 6,we conclude this paper and discuss open problems. In appendices A and B we
collect technical materials.
2 Methods
Let us start from free theory with scalars or fermions in d dimensions. The theory includes
conserved currents J1s(x) with symmetric and traceless indices. The free fermion theory
in d > 3 dimensions has mixed symmetry currents as well, but we do not consider them
in this paper. It is convenient to express the currents as J s(x) = J1s(x)1    s with
polarization vector  (   = 0). The conserved current has scaling dimension d   2 + s,
and the current-current two point function is xed by symmetry as











up to an overall factor Ns. Here we have expressed x^12 =   (x1   x2) =   x12.
1The essential part of map is rewriting the one-loop Witten diagram as a product of tree ones as was

















We deform free theories by double-trace type deformation as in (1.2). The scalar two





with a normalization factor CO . We compute correlation functions in the presence of









with some operators Ai. Here the right hand side is computed in the free theory.
As an important example, we examine how the scalar two point function in (2.2)





























After the deformation, the two point function becomes
hO(p)O( p)if = F(p)  fF(p)2 + f2F(p)3      = F(p)
1 + fF(p)
: (2.7)




















Therefore, we can see that the deformation changes the dimension of operator O(x) from
 to d  .
With the deformation, the higher spin current would have anomalous dimension s,
which is dened by

















with s as the scaling dimension of spin s current. We would like to obtain s at f !1,
and for the purpose, we compute the two point function of higher spin current at f !1
using the conformal perturbation theory. The form of the two point function is xed as









d 2+2s (1 + s   s log(x212)) +    ; (2.12)
where the shift of normalization s is of order 1=N . Therefore, we can read o the anomalous
dimensions from the term proportional to log(x212).
The conformal perturbation theory says that the two point function should be com-
puted as










dx4hJ s(x1)J s(x2)O(x3)O(x3)O(x4)O(x4)i0 +    :
We would like to compute the anomalous dimensions to the leading order in 1=N . With
the large N factorization, the correlators can be written as products of three or four point
functions involving J s and two point functions of O . The product of scalar two point
functions can be summed up as in (2.7). As a result we have at the leading order in 1=N















dx6G(x35)G(x46)hJ s(x1)O(x3)O(x4)i0hJ s(x2)O(x5)O(x6)i0 :
Here G(x12) is dened in (2.10) and dots denote sub-leading terms in 1=N . For more
detailed derivation, see [5]. The same expression can be obtained by introducing a Hubbard-
Stratonovich auxiliary eld  as in [33]. In the latter formulation, G(x12) can be regarded
as the eective propagator of , and the interaction becomes S =
R
ddxO .
Since the integrals diverge, we need to adopt a way to regularize them. In [5], we used
a dimensional regularization, which reproduces the known result. In order to work with
arbitrary real dimension d, we adopt a dierent regularization by shifting the dimension of
the auxiliary eld , which seems to be a more common way [29{33]. In the regularization
scheme, we change the propagator (2.10) as





This shift makes the coupling for the interaction dimensionful, thus we may write S =

R

















 = 0 as Ires1 and I
res
2 , the anomalous dimensions can be read o from the term proportional
to log(x212) as (see [33])
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In the following sections, we compute Ires1 and I
res
2 both for the O(N) scalar model and the
Gross-Neveu model in d dimensions.
In order to perform explicit computations, it is convenient to utilize the integral for-
















Here 3 = d  1   2 and a() is dened in (2.6). Graphically, it can be represented as












which is the main element of integration. This integral can be also visualized graphically as
For the vertex integral with 1 + 2 + 3 6= d, we may choose to work in the momentum
representation by applying the Fourier transform (2.6) not in the coordinate representation.
3 O(N) scalar model
In the previous section, we have extended the methods developed in [5] in order to apply for
more generic examples. In particular, we modify them by incorporating the regularization
with the shift of exponent as in (2.16). In this section, we apply the extended methods
to examine the critical O(N) scalar model in arbitrary dimensions, and we reproduce the

















3.1 Anomalous dimensions of higher spin currents
We consider the system of N free real scalars i (i = 1; 2;    ; N) in d dimensions. The
system has conserved currents J s(x) with even spin s. We use the expression of currents


















with @^ = @. Correlation functions involving the scalar elds can be computed by applying
the Wick contraction








Here we set  = d=2 1. Using the Wick contraction, the current-current two point function
is obtained as































2s 1Ns!(2   1 + s)s (3.4)
for s > 0. Here we have used the Pochhammer symbol as (a)n =  (a+ n)= (a). We shall
denote the two point function as
Ds0  hJ s(x1)J s(x2)i (3.5)
for later use.
We would like to read o anomalous dimensions after the double-trace type deformation
in (1.2). In the present case, we deform the theory by using the scalar operator
O2(x)  O(x) = ii ; hO(x1)O(x2)i = CO 1
(x212)
2
; CO = 2NC2 : (3.6)
The operator is dual to the bulk scalar eld, and the deformation changes its boundary
condition from the Neumann one at f = 0 to the Dirichlet one at f = 1. With this
deformation, the propagator (2.16) becomes
G2(x12)  G(x12) = C
(x212)
2  ; C =
(d=2  2) sin(d=2) (d  2)
COd+1
: (3.7)
With the leading anomalous dimension for i, it can be rewritten as
C = d(d  2) ;  = 2 sin(d=2) (d  2)
N (d=2  2) (d=2 + 1) : (3.8)


















In the rest of this section, we evaluate the residues of integrals I1 and I2 in (2.15) at  = 0.




4(s+ d=2  2)(s+ d=2  1)

Ds0 =  2
(s  1)(s+ d  2)





2(d  1) (d+ s  3)(s+ d=2  2)(s+ d=2  1)D
s
0 : (3.9)
For d = 3, they agree with [5]. For generic d with s = 2, the same integrals (and I1 with s =
1) have been computed in [33] including nite part, and our results reproduce the 1=-pole
terms. The expressions for s  3 are new. The anomalous dimension s is then read o as
s = 2
1
(s+ d=2  2)(s+ d=2  1)

(s  1)(s+ d  2)   (d+ 1) (s+ 1)
2(d  1) (d+ s  3)

; (3.10)
which agrees with the known result in [34].
3.2 Integral I1
We rst compute the integral I1. Applying the Wick contraction (3.2), we can see that
there are two types of contributions to the four point function as








































































with a = 1; 2. We start from the integral I
(1)
1 since it is the simplest one. We then evaluate




































































Figure 1. The graphical expression of integral (3.18). The solid line and the dotted line represents
propagators with dimension  and 2 , respectively. Derivatives may be acted on the solid lines.










Ds0 =  2Ds0 ; (3.16)










































The integral can be expressed graphically as in gure 1. It is argued to be possible to
perform the integration in the coordinate representation [31]. However, for our purpose, it
is suitable to work in the momentum representation. Applying the Fourier transformation
























with p^n =   pn and
CB = (C)




Integration over x3 and x4 leads to the delta functions as (2)
2d(d)(p1+p2 p5)(d)(p3+p4+
p5), and we eliminate p2 and p5 by using them. We change the rest of integral variables as
p1 = p  q ; p3 = q ; p4 =  q0 : (3.20)
This also means p2 = q






(i(p^  q^))k(i(q^0   p^))s l(iq^)s k( iq^0)l


















If we think p as an external momentum, then the integral is two-loop one with two internal
momenta q and q0. There are two ways to have divergence by collapsing the right loop rst
or the left one rst, see gure 1. Therefore, we have to sum up two contributions obtained
by integrating q rst and by integrating q0 rst. Both contributions are the same, so we
multiply the result the factor 2 at the end of the computation.





q2(p  q)2((q   q0)2)d=2 2+ : (3.21)
Introducing the Feynman parameters x; y we arrive at
 (d=2 + )












((q   xp  yq0)2 + x(1  x)p2 + y(1  y)q02   2xyp  q0)d=2+
=
 (d=2 + )











 (i( w^ + (1  x)p^  yq^
0))k(i(w^ + xp^+ yq^0))s kyd=2 3+












(i((1  x)p^  yq^0))k(i(xp^+ yq^0))s kyd=2 3+
(x(1  x)p2 + y(1  y)q02   2xyp  q0) :
In the second equality, we have used the fact that the integral with (w)n in the numerator
vanishes for non-zero n. For odd n, we can see this from the symmetry argument. For
even n, the integral with w1   wn is proportional to the n=2 th power of gij . After
contracting with i , we have (  )n=2 = 0 except for n = 0. Since we are interested in












dy(i((1  x)p^  yq^0))k(i(xp^+ yq^0))s kyd=2 3 : (3.23)
















































a+ b+ d=2  2



































 (s  l   1 + d=2) (l + a+ b  1 + d=2)



















3d=222d+1(2s+ 2   1) (2   1 + s)
 (2  d=2)( ())2N (s+ 1) D
s
0 :


























a+ b+ d=2  2 (3.28)
  (k + b+ d=2  1) (s  k   b+ 1)
 (s+ d=2)
 (s  l   1 + d=2) (l + a+ b  1 + d=2)
















1 (k; l) +O(0) : (3.29)







2(s+ d=2  2)(s+ d=2  1)D
s
0 : (3.30)
Combining (3.16), we thus nd the residue of I1 at  = 0 as in (3.9).
3.3 Integral I2
We move to the computation of I2. With the Wick contraction (3.2), the three point
function is computed as



















3We have checked the identity for explicit values of spin s = 1; 2;    and real dimension d by Mathe-
matica. The same is true for the other expressions after the summations in (3.43), (4.39), (4.51), (4.54)


















Figure 2. The graphical expression of the integral in (3.33) with possible derivatives on the solid
lines.

















































The integral can be represented graphically as in gure 2. Without derivatives, this integral







+ 4B(2)  3B() B(d  3)

; (3.34)
where B(x) =  (x) +  (d=2  x) with  (x) = ddx log  (x). Thus the task is to incorporate
the eects of derivatives.
The 1=-pole terms arise from sub-diagrams, and there are diagrams which reproduce
the residue at  = 0 (see gure 3 for a related computation). In [31], they compute
the order 0 contributions from the dierence between the diagrams. Since we are only
interested in the singular terms, we may use the same diagrams in [31]. However, the
diagrams have dierent structure from the one in gure 2, and it turns out to give wrong
answers if derivatives are acted on lines. Therefore, we would like to utilize a diagram
which has the same structure.
We propose to use a diagram where the exponent of the propagator is shifted of order
 such that we can integrate over, say, x3; x4 by applying the formula (2.20). The amount
of residue would change, so we will x it by comparing the result without derivatives to the
1=-pole term in (3.34). Note that the procedure works only when the eects of derivatives
do not give rise to any extra zeros nor poles. There are many ways to do this but we shift
the exponent of propagator between x3 and x4 as  ! +  as a convenient choice. After
the integration, we would arrive at essentially the same diagram in the previous section,
so we can evaluate the residue in the momentum representation. As a conrmation of












































































































()s k(d=2  2 + )k a





















d=2 (3  d=2 ) () (d=2  2 + )










































The integral over x5 and x6 is actually the same as Bb;l dened in (3.18) and evaluated as
in (3.27) with (3.28).




(2s+ d  3) (d  3 + s)d (3  d=2)
4NC4 (s+ 1)( ())
3















  (s  k + ) (k   a+ d=2  2) (a+ 1) (s  a  b+ d=2  2)
 (s  a+ d  3) (s  b+ ) H
(2)

















We can see that there is no extra zero or pole at  = 0 for generic d, so we can conrm that
the eect of derivatives is the same between Ck;l and C
0
k;l. However, there is no guarantee
that the overall factor is the same as mentioned above. In fact, by comparing C 00;0 at s = 0




C 0k;l +O(0) : (3.42)











2(2s+ d  3) (d  3 + s) (d+ 1)





akalH2(k; l) +O(0) :
The summation over k; l can be performed as in (3.9).
4 Gross-Neveu model
In the previous sections, we have developed the formalism to compute the anomalous
dimensions of higher spin current in the framework of conformal perturbation theory. In
this section, we apply the methods to the Gross-Neveu model in d dimensions as well. We
will see that the direct application does not work due to an extra divergence which cannot
be resolved by introducing  in (2.16). In order to regularize the divergence, we introduce
another shift of exponent by =2 in the free fermion propagator. The nal result turns out
to be nite in the limit  ! 0. After the slight modication, we succeed to reproduce the
anomalous dimensions previously obtained in [37].
4.1 Anomalous dimensions of higher spin currents
We consider the system of ~N Dirac fermions  i (  i) with i = 1; 2;    ; ~N , which transform
in the (anti-)fundamental representation under the action of global U( ~N) symmetry. Ac-


















 ; ~as 1 k = ( 1)s 1~ak : (4.2)
We also use ^     = =.
We compute the two point function of the higher spin current























by applying the Wick contraction as








Using (4.1) the two point function can be rewritten as























Here we have set
gn = tr(1    n) : (4.6)
The factor ( 1) comes from the fermion loop. For the trace of gamma matrix we use
g4 = tr(1234) = tr1(1234   1324 + 1423) : (4.7)
























Here we have set N  ~Ntr1. Thus we obtain ~Cs in (4.3) as
~Cs = 2
2s+1NC2 (s)
2(2 + s)s 1 ; (4.9)
where we have used
s 1X
k;l=0
( 1)s+1~ak~al()s k+l()s+k l =  (s)2(2 + s)s 1 (4.10)
as shown in appendix (B.1).
We are interested in anomalous dimensions of higher spin currents after the deformation
of (1.2). In the current case, the scalar operator is
Od 1(x)  ~O(x) =  i i ; (4.11)
whose normalization is














d 1 ; C ~O = 4N
2C2 : (4.12)
Here we have used tr() = tr1 . The operator is dual to the scalar eld in the type

















from the Dirichlet one at f = 0 to the Neumann one at f = 1. The propagator (2.16)
becomes
Gd 1(x12)  ~G(x12) = C~ 1
(x212)
1  ; C~ =
(1  d=2) sin(d=2) (d  1)
C ~Od+1
: (4.13)
It might be convenient to express the coecient C~ as
5
C~ = 2d ;  =
2 (d  1)
N (2  d=2) (d=2 + 1) (d=2)2 (4.14)
in terms of the anomalous dimension of  i to the 1=N order.
In the following we shall compute the residues of the integrals I1 and I2 in (2.15) at
 = 0 by following the analysis in the previous section with a slight modication. The




4(s+ d=2  2)(s+ d=2  1)

~Ds0 =  2 
(s  1)(s+ d  2)
(s+ d=2  2)(s+ d=2  1)
~Ds0 ;
Ires2 =  
Ps (d+ 1) (s+ 1)







These integrals have been evaluated in [33] for spin s = 1; 2 up to O(0) terms, and we
nd agreement. For spin s  3 our results are new. The anomalous dimension s can be
read o as
s = 2 
1
(s+ d=2  2)(s+ d=2  1)

(s  1)(s+ d  2)  Ps (d+ 1) (s+ 1)
2(d  1) (d+ s  3)

; (4.17)
which reproduces the result in [37]. We can check that the anomalous dimension vanishes
for s = 2, which implies the conservation of conformal symmetry. We can also see 1 = 0
for spin one current, which means that the global U(1)(2 U( ~N)) symmetry is not broken.
The expression s in (4.17) coincides with that in (3.10) for the scalar case with even spin
if we replace  by .
4.2 Integral I1
The integral I1 involves four point function with two higher spin currents. The four point
function may be divided into two parts as
hJ s(x1)J s(x2) ~O(x3) ~O(x4)i0 = ~K1(xi) + ~K2(xi) ; (4.18)






























+ (x3 $ x4) ; (4.19)




























































dx4 ~Ka(xi) ~G(x34) : (4.20)


























and integrating by part, we obtain
I
(1)






















































2  2 (4.23)
and (4.7).










































































0 +O(0) : (4.26)




As in the scalar case, we work in the momentum representation by applying the Fourier



































Integration over x3 and x4 leads to delta functions as (2)
2d(d)(p2+p3 p5)(d)(p1+p4+p5).
Thus we may replace
p1 = p  q ; p3 =  q0 ; p5 = q   q0 (4.29)

























tr((=p  =q)==q=q0=(=q0   =p)) (p^  q^)
k(q^)s 1 k(q^0)l(p^  q^0)s 1 l
(p  q)2q2q02(p  q0)2((q   q0)2)d=2 1+ :
For the further computation, we rewrite the trace over the product of gamma matrices




0=(=q0   =p)(=p  =q)) = 2q^
tr1
tr(=q




0   =p)(=p  =q))
= 2(q^(q^0   p^)q0  (p  q)  q^(p^  q^)q0  (q0   p))
+ 2(q^0(p^  q^)q  (q0   p)  q^0(q^0   p^)q  (p  q))
= q^(p^  q^0)[(p  q0)2   (q   q0)2   p2 + q2] (4.32)
+ q^(p^  q^)[p2   q02   (p  q0)2] + q^0(p^  q^)[(p  q)2   (q   q0)2   p2 + q02]

















Since p  q, q, p  q0 and q0 share the same properties, there are essentially three types of






In appendix B.3, we examine these integrals. We can show that there is no 1=-pole
term in the integrals of the type K
(1)
1 , so we just neglect them. For K
(2)
1 we examine an








q2q02(p  q0)2((q   q0)2)d=2 1+ : (4.33)
The 1=-pole term is obtained as in (B.18). There are similar integrals with q2, (p  q0)2,











(p  q)2q2q02(p  q0)2((q   q0)2)d=2 2+ ; (4.34)
whose 1=-pole term can be deduced from the scalar case as in (B.21).
In terms of these elements of integral, the integral Jk;l in (4.31) can be written as
















3d=222d 1(d+ 2s  3) (d  2 + s)
2 (2  d=2)( ())2N (s)
~Ds0 : (4.37)
Then the integral I
(2)




d(d+ 2s  3) (d  2 + s)











2(s+ d=2  2)(s+ d=2  1) 
~Ds0 : (4.39)


















For the integral I2 we use the following three point function, which is evaluated with the
Wick contraction (4.4) as


















+(x2 $ x3) :
We can rewrite
hJ s(x1) ~O(x2) ~O(x3)i0 = PsTs(xi) (4.40)
with
























Here we have used (4.2), (4.6) and (4.16). It is convenient to use the following expression




















with ak in (3.1) used for the scalar case.

















































The integral might be evaluated by applying the formula (2.20). However, we would meet
divergence from a factor a(d=2) =  (0)= (d=2), where d=2 comes from the exponent of x234
or x256. In order to regularize the divergence, we shift the exponent by a small amount. We











































Here  = d=2   1 + =2 and  = 2    as in [31], where =2 physically corresponds to
the anomalous dimension of  i. Expanding  in 1=N as  = 0 + 1 +    , the rst two
terms are given by 0=2 = 0 and 1=2 =  in (4.14). Since we are working on the leading
order in 1=N , we set  = 0 = 0 at the end of the computation. Fortunately we will see
that there is no divergence due to this procedure. We also shift the exponent of x234 as

















We need to perform the integration over x3, x4, x5 and x6. Using (2.20) the integral





























Note that v(;  + 1;    1) = d=2a()a( + 1)a(   1) diverges at  = 0 as mentioned













()s k(d=2  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 (a+ d=2    1 ) (s  a  b+ d=2   + 1 + ) (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For a 6= 0, the divergence at  = 0 is canceled out by the factor 1= (d=2    1). We will
show that there is no contribution to the 1=-pole even for a = 0, and hence we can safely
set  = 0 from now on.
The integral over x5 and x6 is the same as Bkl dened in (3.18) and evaluated as




(2s+ d  3) (d  2 + s)d (2  d=2)
24NC4
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 (s  a+ d  2) (s  b+ ) H
(2)
1 (b; l) :
Here H
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Figure 3. The left diagram represents the integral before introducing the shift of exponent by  and
. The solid line, the solid wavy line and the dotted line represent propagators with dimension ,
+1 and 2 , respectively. Without the action of derivatives, we can show by closely following [31]
that the 1=-pole term of the left diagram can be computed from the two right diagrams.
As in the scalar case, the shift of exponent by  changes the overall factor of the
1=-pole. Without the action of derivatives, we can evaluate the residue before shifting
the exponents as explained in gure 3. Comparing ~C0;0 with s = 0, we nd that extra 1=2



















akal ~H2(k; l) +O(0) :
After the summation over k; l we obtain the expression in (4.15).
Now it remains to show that there is no 1=-pole for a = 0 in (4.45) at  = 0. In the
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where  (x) = ddx log  (x) as before. Let us rst study the term proportional to 1=. For





















 (k + 1) (s  k + 1)( 1)
k = (1  1)s = 0 ;
which implies that there is no term proportional to 1= in the residue at  = 0. We then
examine nite contributions at  = 0. They would come from the second and third terms
in the second line of (4.52). However, we can show that the summation over the other












1 (b; l) = 0 : (4.54)


















In the previous sections, we have studied higher spin currents in the singlet of global sym-
metry for the critical O(N) scalar model and the Gross-Neveu model. There are several
examples, where we can deduce the anomalous dimensions without extra eorts. In the
next subsection, we apply the analysis to higher spin currents in the non-singlet represen-
tations with respect to O(N) or U( ~N) global symmetry. In subsection 5.2, we compute the
anomalous dimensions in the system of U( ~N) complex scalars. In subsection 5.3, we exam-
ine the N = 2 supersymmetric U( ~N) model, and in particular, we examine the coincidence
of anomalous dimensions among 3d theories of bosons and fermions.
5.1 Non-singlet currents






with ak in (3.1). According to the O(N) representation, we divide them into three types
as J
;(ij)
s for the symmetric traceless one and J
;[ij]
s for the antisymmetric one along with
J s in (3.1) for the singlet one. Up to now we have focused on the single currents since they
are dual to higher spin gauge elds. However, our methods are not restricted to the singlet
ones but can be applied more generically. In fact, the anomalous dimensions for the other
types of currents can be deduced from the analysis for the singlet as seen below.
The two point function of the currents are











with Ds0 dened in (3.5). We would like to compute the anomalous dimensions of these
currents at the critical point. For the purpose we need the information of three and four
point functions involving these currents. We can easily see that three point functions with
non-singlet current vanish, so there are no contributions of the type I2. The four point
functions are related to that with singlet current in (3.11) as











Therefore, the anomalous dimensions are
s(ij) = s[ij] = 2
(s  1)(s+ d  2)
(s+ d=2  2)(s+ d=2  1) ; (5.6)

















As in the free scalar theory, there are also non-singlet currents in the free fermion
theory as




k  i^@^s k 1 j (5.7)
with ~ak in (4.2). The two point functions are











with ~Ds0 in (4.3). The three point functions with a non-singlet current vanishes, and the
four point functions are











Here ~Ka(xi) are dened in (4.19) and (4.2). Therefore, the anomalous dimensions are
s(ij) = s[ij] = 2 
(s  1)(s+ d  2)
(s+ d=2  2)(s+ d=2  1) (5.12)
as found in [37].
5.2 U( ~N) scalar model
In this paper, we have considered the system of O(N) real scalars, but it is not dicult to
generalize to that of U( ~N) complex scalars. The results for U( ~N) scalars will be utilized
for the arguments on the N = 2 supersymmetric setup in the next subsection.
The U( ~N) scalar model consists of ~N complex scalars, and we use the following nor-
malization as














We deform the system by (1.2) with the scalar operator























We would like to examine how the anomalous dimensions of higher spin currents change
from the O(N) scalar case. We can see that the four and three point functions in (3.11)
and (3.31) become 1=8 and 1=4 times along with N replaced by ~N . Combining with the
changes in the current-current two point function and the propagator (2.16), the anomalous
dimensions are given by a half of (3.10) with N replaced by ~N . Denoting the anomalous
dimension of spin s current as 
U( ~N)
s and that for the Gross-Neveu model in (4.17) as GNs ,








For d = 3, tr1 = 2 and thus we nd 
U( ~N)
s = GNs .
5.3 N = 2 supersymmetric model in 3 dimensions
Comparing the results from the O(N) (U( ~N)) scalar model in (3.10) and from the Gross-
Neveu model in (4.17), we can see that they are almost identical except for the overall
d-dependent factor. In particular, we observe the coincidence for d = 3 as in (5.16). We
do not have a clear explanation of this fact in general d, but we may be able to explain it
as a consequence of N = 2 supersymmetry for d = 3.
For d = 3, a free theory with N = 2 supersymmetry can be constructed from the





plus supersymmetric completion with the product of fermionic operators. Here O(x) and
~O(x) are the scalar operators in (5.15) and (4.11), respectively. The xed line under this
deformation can be understood from the dual gravity theory as argued in [20] at least for
large N as explained below.
The scalar operators O(x) and ~O(x) are dual to complex scalar elds ' and '0 with
Neumann and Dirichlet boundary conditions. The marginal deformation in (5.17) mixes the
boundary conditions of these two complex scalars [25], see also [7, 13]. In order to preserve
the supersymmetry, we also need to change the boundary conditions for two Dirac fermions
as well, and this was analyzed in the current context in details in [7]. At the limit of !1,
the boundary conditions are exchanged such that Dirichlet and Neumann ones are assigned
for ' and '0. This bulk theory is dual to the sum of critical U( ~N) scalar model and the
critical Gross-Neveu model plus interactions mixing the two models, and it is natural to
expect that the system hasN = 2 supersymmetry at least for large N as discussed in [20] for
N = 1 setup. Performing a projection, we would obtain the bulk theory dual to the critical
U( ~N) scalar model or the critical Gross-Neveu model. The original N = 2 supersymmetry
relates the two models, and this may explain the coincidence of anomalous dimensions as
observed in (5.16) with d = 3. We hope to be able to report on more details in near future.
6 Conclusion and discussions
In this paper, we have examined the critical O(N) scalar model and the Gross-Neveu model

















theories, respectively. We have rst extended the analysis on 3d O(N) scalar in [5] to the
case with generic dimension d. In particular, we use a dierent regularization by shifting the
exponent of propagator as in (2.16). Moreover, we have developed a new way to evaluate the
eects of derivatives acting on the propagators. Using these methods, we have reproduced
the known results on anomalous dimensions of higher spin currents to the 1=N order in [34],
see (3.10). We then apply these methods to the Gross-Neveu model in d dimensions. In
this case, the introduction of  in (2.16) is not enough to regularize the divergence in a
Feynman integral. We shift the dimension of fermion eld by =2, and then take the limit
 ! 0 at the end of the computation. The limit is found to be nite, and we can reproduce
the previous result on anomalous dimensions to the 1=N order in [37]. They are the same as
those for the scalar case up to a d-dependent factor, see (4.17). It is an interesting question
why the coincidence happens, which may be answered by using higher spin symmetry. For
d = 3, we give a possible explanation of it as a consequence of N = 2 supersymmetry.
We investigated these two models to understand the dual bulk mechanism of symme-
try breaking. The anomalous dimensions can be computed by making use of bulk Witten
diagrams, and the diagrams can be explained in terms of boundary conformal perturbation
theory as in [5], see also [27, 28]. Therefore, the conclusion obtained in [5] can be applied
also to the current examples. Namely, the boundary computation conrms the bulk inter-
pretations such that the mass arises from a one-loop eect due to the change of boundary
condition for the bulk scalar eld. For the type A Vasiliev theory on AdS4, the Goldstone
modes are identied with bound states of scalar and higher spin eld through group theo-
retic argument in [26]. However, the boundary computation in [5] could not explain what
are the Goldstone modes. The analysis in this paper does not add anything new on this
issue, so we again cannot identify the Goldstone modes from the boundary computations.
In order to conrm quantitatively the argument in [26] or its generalizations, we may have
to directly evaluate the bulk loop diagrams.
There are other open problems as follows; the system of free fermions in d > 3 dimen-
sions has mixed symmetric conserved currents, and it is interesting to extend the current
analysis to these currents. Moreover, as in subsection 5.3, the analysis for the Gross-Neveu
model should be applicable to N = 1 and N = 2 supersymmetric cases as in [20, 21]. In
order to examine the relation to superstring theory, it important to couple the bosonic
and fermionic elds to Chern-Simons gauge elds [22{24] as explained in the introduction.
We think that the conformal perturbation theory is suitable for the extensions mentioned
above, but it should be useful to examine the relations to other methods particularly for
O(N) scalars, e.g., in [34{36, 47{49].6 As a technical issue, we utilized several sum formulas
to obtain the results on the anomalous dimensions in (3.10) and (4.17), but the formulas
are checked by Mathematica for several explicit examples. It is desired to obtain analytic
proofs, see also footnote 3.
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A Alternative method for Bk;l
In subsection 3.2.2, Bk;l in (3.18) has been computed as (3.27) with (3.28) in the momentum
representation. In this appendix, we compute Bk;l with the method developed in section 3.3.






























with the shifts of exponent in the propagators. The eect of derivatives is the same as Bk;l
unless extra zeros or poles appear at  = 0. However, the overall factor would changes,
which will be xed by comparing the result in (3.27) for s = 0.
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= ( 1)s22s (a+ b+ d=2  2 + ) (2s  a  b+ d=2 )
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 (s  k + ) (k   a+ 1) (l + ) (s  l   b+ 1)
 (s  a+ d=2) (s  b+ d=2)
  (a+ b+ d=2  2) (2s  a  b+ d=2) : (A.7)





B000 +O(0) : (A.8)
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(k; l) +O(0) ; (A.10)
and we can check that the sum over k; l reproduces (3.30) for explicit values of d; s.
B Technical details for the theory of fermions
In this appendix we collect some details of computation in the fermion theory.
B.1 Two point function
We would like to check the relation (4.10) by following the analysis in appendix B of [40].








(1  s  )k(s  l + )k
( + 1)k(1     s  l)k ()s l()s+l (B.1)
= 3F2

1  s; 1  s  ; s  l + 
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(1     s  l)l : (B.3)





















Applying the formula (B.2), we nd the relation (4.10).
B.2 Three point function
In this appendix we derive (4.42). Noticing == = 0, Ts(xi) in (4.41) can be rewritten as




















Using (4.7), we nd
1
tr1
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Here ak was introduced in (3.1) for the O(N) scalars. Using these equations we ob-
tain (4.42).
B.3 Elements for integral I
(2)
1
In subsection 4.2.2, we evaluate the integral I
(2)
1 in the theory of fermions. For the purpose
we have divided the integral into several pieces, which are classied into three types as K
(a)
1
with a = 1; 2; 3. We are interested in singular terms at  = 0. We shall show that there
is no such a term for the integral of the type K
(1)
1 . For the type K
(3)
1 we may move back
from the momentum representation to the coordinate one. Then we can show the integral
is the same type as that for the O(N) scalars. Therefore, the new non-trivial integrals are
of the type K
(2)
1 .
We start to show that there is no 1=-pole term for K
(1)
1 . We examineZ
ddqddq0
1
(p  q)2q2q02(p  q0)2((q   q0)2)d=2 1+ (B.9)
for simplicity. It is straightforward to show that the same is true also for the cases with q^
and so on in the numerator. The integral involving q can be rewritten asZ
ddq
1
(p  q)2q2((q   q0)2)d=2 1+ =












((q   xp  yq0)2 + x(1  x)p2 + y(1  y)q02   2xyp  q0)d=2+1+ :


































(x(1  x)p2)n k( 2xyp  q0)k
(y(1  y)q02)n :




 (3 + n+ )






(p  q0)k(1  z)1+n+
((q0   zp)2 + z(1  z)p2)3+n+
=
 (3 + n+ )












(p  w)l(zp2)k l(1  z)1+n+

















For odd l, the integral over w vanishes. For even l, we haveZ
ddw
(p  w)l
(w2 + z(1  z)p2)3+n+ /
 (3 + n+   d=2  l=2)


















dyyd=2 3 n+k(1  y)m  =  (d=2  2  n+ k) (m  + 1)
 (m  n+ k   + d=2  1) ; (B.14)Z 1
0
dzzd=2 3 n +k l=2(1 z)d=2 2+l=2 =  (d=2 2 n +k l=2) (d=2 1+l=2)
 (d  3  n  + k) :
Therefore, after taking product of the three integrals, we do not have any term proportional
to 1=.
One of the integral of the type K
(2)
1 is Kk;l;m;n dened in (4.33). We rst evaluate the
integral involving q asZ
ddq
(p^  q^)k(q^)l

















(x(1  x)q02) : (B.15)
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As we will show below, there is no 1=-pole arising when exchanging the order of integrals
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 (a+ l +m+ ) (n+ )
 (a+ l +m+ n+ 2)
+O(0) (B.18)

















Let us show that there is no extra contribution by changing the order of integrals. In
order to do so we computeZ
ddqddq0
1
(p  q0)2q2(p  q)2((q   q0)2)d=2 1+ ; (B.19)
where q; q0 are replaced by p q0; p q. The eects of derivatives are neglected for simplicity,
but it is not so dicult to includes them. Then the integral over q is given by (B.10), and
we can see there is no pole at  = 0. The q0-integral can be evaluated as before and we
nd no 1=-pole term.
There are similar integrals with p  q replaced by q , p  q0 and q0. We can show that
these integrals are related to Kk;l;m;n asZ
ddqddq0
(p^  q^)k(q^)l(q^0)m(p^  q^0)n












(p  q)2q2(p  q0)2((q   q0)2)d=2 1+ = Km;n;k;l
(p^)k+l+m+n
(p2)2 d=2
by exchanging q and q0 or q and p  q.
For the type K
(3)
1 , we evaluate the integral Bk;l;m;n dened in (4.34). We just need to


















a+ b+ d=2  2
 (k + b+ d=2  1) (l   b+ 1)
 (k + l + d=2)
  (n  1 + d=2) (m+ a+ b  1 + d=2)
 (n+m+ a+ b  2 + d) +O(
0) : (B.21)
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